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Abstract

The thermal resistance of a model solid–liquid interface in the presence of laminar shear flow is investigated using molecular dynamics
simulations. Two model liquids – a monoatomic liquid and a polymeric liquid composed of 20 repeat units – are confined between walls
which are modeled as idealized lattice surfaces composed of atoms identical to the monomers. We find that in the absence of a velocity
slip (discontinuity) at the solid–fluid interface, the mass flow does not affect the thermal interfacial resistance, but the presence of velocity
slip results in an increase in the interfacial thermal resistance by about a factor of two.
� 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

A description of heat flow at the macroscopic level
involves two inputs: (i) a constitutive relation between heat
fluxes and driving forces, e.g., temperature gradients, and
(ii) boundary conditions at the system perimeter. For
example, in the absence of mass flow, one constitutive rela-
tion between the thermal energy flux, jQ and the tempera-
ture gradient is Fourier’s law:

jQ ¼ �krT ; ð1Þ

where k is the material bulk thermal conductivity. In the
absence of internal heat sources, conservation of energy en-
ables us to write a second order partial differential equation
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for the diffusive heat flow, which can be solved for the tem-
perature profile as a function of spatial and temporal vari-
ables if appropriate boundary conditions are available.
Conservation of energy requires that the thermal flux be
continuous at the boundary. It is often assumed that the
temperature is also continuous at the boundary.

In this work we investigate the boundary conditions for
heat flow using molecular dynamics simulations. We are
particularly interested in the behavior of the temperature
profile at the boundary. Fluids undergoing shear flow often
display velocity slip at the surface, i.e., the velocity of the
fluid extrapolated to the surface position is different from
the surface velocity. In an analogous fashion, it is possible
for the extrapolated temperature of the fluid to be different
from the surface temperature. This is the result of an inter-
facial thermal resistance that can have a significant effect
on the thermal transport in fluids, particularly in nano-
fluidic systems. Computer simulations can provide
molecular insight into the origin and mechanism of such
interfacial thermal behavior.

Although it is often assumed that the temperature
is continuous across an interface, in reality there is no
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Nomenclature

jQ thermal flux
kB Boltzmann constant
lK Kapitza length
m mass of an atom (bead)
r distance between two atoms
RK interfacial thermal resistance (Kapitza resis-

tance)
vx x component of shear velocity
T temperature

Greek symbols

d slip length
e Lennard-Jones potential energy parameter
k thermal conductivity
K interfacial thermal conductance
q density
r Lennard-Jones potential length parameter
s Lennard-Jones reduced time unit, s ¼ r

ffiffiffiffiffiffiffiffi
m=e

p
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firm physical basis for this assumption. In fact, Kapitza
[1,2] demonstrated the possibility of a discontinuous
temperature drop at an interface. This drop is quantified
by the concept of interfacial conductance, K, which is the
ratio of the heat flux (in the direction normal to interface)
to the temperature drop. The inverse of K is the inter-
facial thermal resistance, also called the Kapitza resistance,
RK.

The Kapitza resistance is not significant for most solid–
liquid interfaces, but can be significant in nano-structured
materials. To estimate the significance of the Kapitza resis-
tance, one can express it in terms of the ‘‘thermal resistance
thickness’’, lK, also called the Kapitza length, which is
defined as the width of the bulk medium over which there
would be the same temperature drop as that at the inter-
face. The Kapitza length is therefore given by

lK ¼
k
K
¼ RKk: ð2Þ

Typically, in the case of a solid–liquid interface involving a
wetting liquid, Kapitza length is of the order of a molecular
size and thus the temperature drop at the interfaces can be
neglected. However, for non-wetting liquids [3,4], lK can be
of the order of several tens of molecular sizes. In this case,
the interfacial resistance might impact the thermal trans-
port in fluids, particularly in structures involving nanoscale
dimensions, such as nanofluids. Other systems where the
boundary resistance plays an important role are polycrys-
talline high thermal conductivity materials, such as dia-
mond [5], where grain boundaries lead to large values of
lK, despite relatively low values of RK, because the bulk
thermal conductivity is high.

The Kapitza length plays the same role in heat transfer
as the slip length in momentum transfer. When a fluid is
sheared by a confining surface the boundary conditions
can be either stick or slip. In the latter case, the slip length,
d, describes the discontinuity of the velocity field (velocity
component tangential to the solid–liquid interface) at the
surface [4]. In planar shear flow geometry d can be evalu-
ated from

d ¼ Dvxðz ¼ 0Þ dvx

dz

� �
z¼0

�
; ð3Þ
where the fluid flow direction is in the x direction, the z

direction is normal to the fluid–solid interface and
Dvx(z = 0) is the velocity discontinuity at the interface. In
the case of a stick boundary condition, the velocity field
is continuous at the interface, and therefore Dvx(z = 0) = 0
and d = 0. In the case of slip, d has a geometrical interpre-
tation of a distance to which a linear vx vs. z velocity profile
has to be extrapolated (beyond the solid–fluid interface) to
recover the same value of velocity as the solid surface
velocity. For atomistically smooth solid surfaces and espe-
cially for systems showing weak interfacial bonding charac-
teristics, both modeling and experimental studies have
demonstrated a possibility of d reaching values of several
tens of molecular sizes [6–11]. The effects of non-zero val-
ues of d become important when the characteristic fluid
channel sizes are reduced to submicron or nanoscale
dimensions.

The Kaptiza length can be defined in an analogous fash-
ion in terms of the temperature drop at the interface and
the temperature gradient in the liquid at the interface, i.e.,

lK ¼ DT ðz ¼ 0Þ dT
dz

� �
z¼0

�
; ð4Þ

which allows one to calculate lK without knowledge of the
absolute values of the thermal conductivity or the inter-
facial thermal conductance.

The primary goal of this work is to elucidate the rela-
tionship between the velocity slip and thermal slip. While
there have been many studies that have addressed the slip
length [6–11] or the Kapitza length [1–4,12] (for systems
undergoing pure thermal transport), we are not aware of
any study that focuses on the possible relationship between
the velocity slip and the thermal slip. To address this ques-
tion, we perform a series of molecular dynamics simula-
tions of thermal transport across solid–liquid interfaces
for stationary liquids and for liquids subjected to a planar
shear flow.

We report results on molecular dynamics simulations of
monatomic and polymeric fluids confined between atomis-
tically smooth surfaces, with Lennard-Jones interactions
between all sites. We compare the results for the slip length
and Kapitza length in three cases: (i) where the fluid is sub-
jected to planar shear flow with the walls held at constant



Fig. 1. A sketch of the simulation setup, which also illustrates the concept
of the thermal slip via the Kapitza length (lK) and the velocity slip length
(d).
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temperature, (ii) where the walls are at the same tempera-
ture as in (i) but instead of shear flow, heat is artificially
pumped into the liquid, and (iii) where there is no shear
flow but a temperature gradient is imposed across the fluid
by maintaining the walls at different temperatures. We find
that when there is no velocity slip, shear flow does not
affect the value of the Kapitza length, but a large slip in
the velocity profile causes an increase of lK by about a fac-
tor of 2. We therefore conclude that the slip length and
Kapitza length are interdependent quantities.

The rest of the paper is organized as follows. The simu-
lation model and the methods are described in Section 2,
simulation results are presented and discussed in Section
3, and some conclusions are presented in Section 4.

2. Simulation method

Two types of liquids are studied: simple monatomic liq-
uids and polymeric liquids (chain length = 20) that are
modeled using a bead-spring representation. In both cases,
all beads interact with a pairwise additive Lennard-Jones
(LJ) potential:

UðrÞLJ ¼ 4e
r
r

� �12

� r
r

� �6
� 	

; ð5Þ

where the LJ parameter r sets the length scale (�molecular
size) and e defines the energy scale. The fluid structure near
the confining walls and hence the flow boundary conditions
(slip/no-slip) can be altered by altering the strength of the
interaction potential between the fluid atoms and the wall
atoms [13,14]. To capture this effect, we use two types of
LJ potential based interactions. The first is the so called
WCA potential [15] (or a purely repulsive Lennard-Jones
potential) where the potential is truncated at its minimum
r = 21/6r, and a regular Lennard Jones potential truncated
at r = 2.5r. In both cases the potential is shifted so that it is
a continuous function.

Adjacent beads of the chains are connected by FENE
springs [16] with a potential given by

UðrÞFENE ¼ �HQ2

2
ln 1� r

Q

� �2
" #

: ð6Þ

Following our previous work [17], we use H = 100e/r2 and
Q = 1.5r. The FENE potential along with the LJ potential
not only provides chain connectivity but also prevents the
polymer chains from crossing each other.

The simulation setup used in our work is depicted in
Fig. 1. The liquid is confined between two solid walls that
are either at rest or move with the same speed but in oppo-
site directions (in the +x and �x directions). Periodic
boundary conditions are employed in the other two direc-
tions. The confining surfaces are modeled using idealized,
(100) FCC lattice surfaces located at z = 0 and z = 18r
thus leading to overall simulation box dimensions of
11.7 · 11.7 · 18.0 (in units of r). In practice, the surfaces
consist of beads that are connected to FCC lattice sites
using harmonic springs with a spring constant of 500e/r2

[17].
For liquids described by the WCA (LJ) potential, the

beads that make up the surface interact with the beads of
the liquid via the WCA (LJ) potential. For liquids
described by the full LJ potential, the liquid–surface inter-
actions are also described by the full LJ potential but with
the energy parameter e five times larger than for the liquid–
liquid interaction, i.e., eliquid–solid = 5.0eliquid–liquid. Such a
strong attraction between the liquid and the solid atoms
corresponds to a strongly wetting liquid and is known to
translate into no-slip (no discontinuity) velocity boundary
conditions at the liquid–solid interface [14].

Molecular dynamics simulations are carried out using
the velocity Verlet algorithm. A MD time step of 0.002 in
the reduced LJ time unit ðs ¼ r

ffiffiffiffiffiffiffiffi
m=e

p
Þ, is used for evaluat-

ing the trajectories of the beads. In all cases, the solid walls
are maintained at a specified temperature by coupling them
to a heat bath via a Langevin thermostat [18]. The reduced
density, q* = qr3, for all simulations is 0.8 where q is the
bead number density (i.e., number of beads per unit vol-
ume). The reader is referred to previous work [17,19] for
more details on the simulation methods.

In order to investigate the coupling between momentum
and heat transfer at the solid–liquid interface, three differ-
ent types of simulations are carried out:

(i) Momentum transport is studied by simulating planar
shear flow of the confined fluid. In this case, shear is
imparted on the confined fluid by moving the two
walls with the same speed, v = 1.8r/s, but in opposite
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Fig. 2. Velocity profiles of the ‘‘repulsive’’ (diamonds) and ‘‘attractive’’
(crosses) monatomic liquid subject to planar shear flow (wall velocity =
1.8). The straight lines depict linear fits to the velocity profiles in the region
1.5r < z < 16.5r. The error bars for all velocity profiles reported in this
work are about the same size as the size of the symbols used.
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directions along the x axis. As has been noted in pre-
vious simulation work [17,19] and by continuum
mechanics [20], at sufficiently high shear rates, vis-
cous heating throughout the volume of the liquid
raises its temperature. It is to be noted that the shear
rates used in the current work might appear to be
small in the reduced Lennard-Jones units that are
used in this paper (as is customary in the simulation
literature). On the other hand, depending on the
strategy used for mapping our model chain systems
onto real polymers, the actual shear rate values will
be very high. Experimentally, viscous dissipation
effects are found to be significant only at shear rates
much higher than 106 s�1 for gaps of size of a few
microns [21]. This flow-generated heat is removed
from the liquid via thermal conduction to the solid
walls that are kept at fixed temperature, kBT ffi 3e,
where kB is the Boltzmann’s constant. In these simu-
lations, a steady state is characterized by a linear
velocity profile (with or without slip) and a parabolic
temperature profile symmetric about the center of the
channel.

(ii) To separate out the effects due to a possible coupling
between the momentum and heat transfer, we carry
out simulations with no shear flow but with heat arti-
ficially ‘‘pumped’’ into the liquid. This is achieved by
re-scaling the velocities of all the atoms (at every 5
MD steps) to maintain the average fluid temperature
at a given value above the temperature of the confin-
ing walls. The average fluid temperature is adjusted
(by a process of trial and error) so that the maximum
fluid temperature (at the center of the channel) is the
same as that observed in the corresponding shear
flow simulation (i).

(iii) Standard heat transfer is studied by simulating ther-
mal conduction through the confined fluid in the
presence of an imposed temperature gradient. In this
case, a temperature gradient is imposed on the system
by maintaining the two walls at different tempera-
tures kBT ffi 3e and kBT ffi 4e, respectively.

At this point, we would like to make two observations
regarding the evaluation of the temperature profile in the
system:

(1) For systems with fluid flow, temperature is deter-
mined by using the kinetic energy calculated based
only on the ‘‘peculiar’’ or the ‘‘thermal’’ part of the
atom velocity (which is obtained by subtracting
the net local flow velocity from the total velocity of
the atoms) [22,23].

(2) As mentioned earlier, the walls consist of a single
layer of atoms – this model precludes the possibility
of a temperature gradient within the confining solid
walls. We consider such a model to be adequate, since
a typical solid crystalline material that will constitute
the wall, will have a significantly higher thermal con-
ductivity than the fluid, thus leading to absence of
any temperature gradient within the solid material.

A typical simulation run consists of three phases: gener-
ation of an initial configuration, approach to steady state,
and averaging. For the monomeric fluid, initial configura-
tion was obtained by using molecular dynamics to ‘‘melt’’
an initially ordered configuration of the required number
of monomers, while for the polymer melt, initial configura-
tion of chains containing 20 beads each was generated
using a growth and equilibration algorithm [24]. We first
allow for 500,000 MD steps for the system to reach the
steady state followed by another 500,000 MD steps for
the averaging of properties such as the velocity, tempera-
ture, and density profiles, and the chain conformational
properties. These profiles are evaluated by dividing the
liquid film in the z (normal to the walls) direction into bins
of size 0.5r for the velocity and temperature profiles and
bins of size 0.1r for the density profiles. The averaging
phase is divided into 10 blocks and the method of block
averaging is used to obtain an estimate of the statistical
uncertainties.

3. Results and discussion

Fig. 2 depicts the velocity profiles of two confined mon-
atomic liquids, the first involving only repulsive interac-
tions and the second involving strong attractions between
the fluid and the solid walls (i.e., full LJ potential with
eliquid–solid = 5.0eliquid–liquid). We will refer to these systems
as the repulsive and attractive liquids, respectively. It can
be seen that even for the repulsive monatomic fluid the
velocity slip is quite small (the line depicts a linear fit to
the velocity profile in the region 1.5r < z < 16.5r), with a
slip length �0.6r. When attractions are included there is
no evidence of slip at the solid wall.

Fig. 3 depicts the temperature profiles of the repulsive
monatomic liquid subject to planar shear flow and for
the case where heat is artificially pumped in the system.
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Fig. 3. Temperature profiles of the ‘‘repulsive’’ monatomic liquid with
‘‘artificial heat generation’’ (crosses) and ‘‘shear flow’’ (diamonds)
simulations. The curves represent quadratic fits to the temperature profiles
in the region 1.5r < z < 16.5r. A typical error bar for all the temperature
profiles reported in this work is also shown.
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Fig. 4. Velocity profiles of the ‘‘repulsive’’ (diamonds) and ‘‘attractive’’
(crosses) polymer melt subject to planar shear flow (wall velocity = 1.8).
The straight lines depict linear fits to the velocity profiles in the region
1.5r < z < 16.5r.
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Fig. 5. Temperature profiles of the ‘‘repulsive’’ polymer melt with
‘‘artificial heat generation’’ (crosses) and ‘‘shear flow’’ (diamonds)
simulations. The curves represent quadratic fits to the temperature profiles
in the region 1.5r < z < 16.5r.
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The temperature profile of the sheared fluid is parabolic
with a temperature rise in the middle region compared to
near the surfaces. This is a consequence of viscous heating
in the fluid. The parabolic shape originates simply from the
fact that the heat flux through a given plane is proportional
to the distance from the channel center. Since the heat flux
is proportional to the temperature gradient, a parabolic
temperature profile is obtained upon integration. The fig-
ure also shows that there is thermal slip in the repulsive
monatomic fluid even in the absence of velocity slip (as
was noted in the earlier paragraph). The temperature pro-
files of the sheared fluid and the fluid with heat artificially
pumped (by re-scaling the velocities) are essentially identi-
cal (within the error bars), i.e., it does not make a difference
whether the heat is generated by viscous heating (due to the
movement of the surfaces) or pumped uniformly into the
system. By first fitting the temperature profiles in the liquid
(in the region 1.5r < z < 16.5r) to second order polynomi-
als and then calculating DT and dT/dz extrapolated to the
solid wall, we calculate the Kapitza length of the mono-
atomic repulsive liquid to be 1.1r.

There are significant differences in the behavior of poly-
mer melts, when compared to monatomic liquids. In the
case of repulsive polymer melts, there is significant slip at
the surfaces, as has been noted previously [17]. Including
wall–fluid attractions greatly decreases the magnitude of
this slip. Fig. 4 depicts the velocity profiles for the repulsive
and attractive polymer melts (the terms ‘‘attractive’’ and
‘‘repulsive’’ have the same meaning as in the discussion
of monatomic liquids). The velocity profile is linear in both
cases with the exception of a small region near the walls.
The repulsive polymer liquid exhibits a large velocity slip
(discontinuity) with a corresponding slip length of 10.6r.
The attractive polymer melt, on the other hand, does not
exhibit any slip at the two walls. In fact, for this system,
the velocity profile shows a smaller slope in the region near
the walls than in the ‘‘bulk-like’’ region in the central part
of the channel. This indicates that the strong attraction
leads to a layer of the polymer that is effectively bonded
to the wall and hence moves with the wall. From the mac-
roscopic point of view, this bonded layer leads to a negative
slip length of �1.3r.

Fig. 5 compares temperature profiles for the sheared
‘‘repulsive’’ polymer melt to the case where heat is artifi-
cially pumped into the system. In both cases, the tempera-
ture profiles are parabolic and exhibit a maximum at the
center of the fluid, and in both cases there is a discontinuity
in the temperature profile at the solid liquid interface.
Although, by construction, the maximum value of the tem-
perature at the channel center is almost the same, the tem-
perature discontinuity at the solid–liquid interface is larger
for the sheared fluid, and the Kapitza lengths for the shear
and no shear (heat artificially pumped into the system)
cases are lK = 3.2r and lK = 1.5r, respectively. In other
words, the velocity slip associated with the shear flow
appears to result in approximate doubling of the thermal
resistance and consequently the Kapitza length.

One might speculate that, to some extent, the observed
effect of the velocity slip on the thermal slip is due to the
very large shear rates used in simulations. To this end,
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we checked the effect of the shear rate on our results by
simulating the repulsive polymer melt at a shear rate that
was half of the value studied above (thus leading to wall
velocity = v = 0.9r/s). These simulations yielded essen-
tially the same result with the approximate doubling of
the Kapitza length upon shear induced velocity slip.

Fig. 6 compares temperature profiles for the sheared
‘‘attractive’’ polymer melt to the case where heat is artifi-
cially pumped into the system. Except for the immediate
vicinity of the surface, the temperature profiles in the two
cases are identical within statistical uncertainties, i.e., for
the attractive polymeric liquid there is no effect of the shear
flow on the interfacial heat transfer. This is in contrast to
what is observed for the repulsive polymer liquid. We
hypothesize that this is related to the fact that there is no
velocity slip at the interface for the attractive polymer
liquid, since similar effects are seen in the monatomic fluids.
In fact, as was the case for the velocity profile, the temper-
ature gradients are smaller (corresponding to locally higher
thermal conductivities) in the interfacial regions (�2r from
each wall) than in the channel center. Within the macro-
scopic picture, this observation translates into a negative
Kapitza length of �0.7r.
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Fig. 6. Temperature profiles of the ‘‘attractive’’ polymer melt with
‘‘artificial heat generation’’ (crosses) and ‘‘shear flow’’ (diamonds)
simulations. The curves represent quadratic fits to the temperature profiles
in the region 1.5r < z < 16.5r.
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Fig. 7. Temperature profile for the ‘‘repulsive’’ polymeric melt system
subject to a thermal gradient. The straight line represents linear fit to the
temperature profile in the region: 1.5r < z < 16.5r.
It is instructive to compare the values of lK obtained as
above to simulations where a temperature gradient is
imposed on the fluid externally. Fig. 7 depicts the temper-
ature profile in a standard heat transfer measurement con-
figuration with a stationary repulsive polymeric liquid
confined between two walls at different temperatures. At
the cold wall (maintained at kBT ffi 3e), we find lK ffi 1.9r,
in reasonable agreement with the value obtained with the
parabolic temperature profile under no-shear condition
(see earlier text and Fig. 5). At the hot wall (maintained
at kBT ffi 4e), we find lK ffi 2.3r, This difference between
cold and hot sides indicates a temperature dependence of
the Kapitza resistance, since a good linear fit to the temper-
ature profile in Fig. 7 indicates that the liquid thermal con-
ductivity is essentially constant throughout the liquid at
these simulation conditions.

4. Conclusions

We present molecular dynamics simulations for the heat
and momentum transfer at solid–liquid interfaces. We find
that both thermal and velocity slip are strongly influenced
by the fluid–wall interactions. Thermal slip is present in
sheared liquids even without substantial velocity slip,
although the presence of velocity slip enhances the magni-
tude of thermal slip. We find that at the conditions investi-
gated in this work, the shear flow induces an increase in the
Kapitza length for a polymer melt by approximately a fac-
tor of two, and this effect on the interfacial heat transfer is
observed only when there is a large velocity slip at the
solid–liquid interface. Interestingly, the Kapitza length is
found to be temperature dependent even when the thermal
conductivity of the fluid appears to be approximately con-
stant as a function of temperature.

The dependence of the interfacial thermal resistance on
shear flow is probably caused by dynamical rather than
structural effects. Previous work has shown that the density
profile of liquids is relatively insensitive to shear [17]. In
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Fig. 8. Bead density profiles as a function of the z coordinate (normal to
the walls) for the ‘‘repulsive’’ polymeric melt system. The figure shows
density profiles for both the ‘‘artificial heat pumping’’ (crosses) and ‘‘shear
flow’’ (solid line) simulations.
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our simulations the density profiles of the sheared and static
(where heat is artificially pumped into the system) fluids are
almost identical (see Fig. 8). Although the shear flow elon-
gates the chains in the shear direction, this effect is modest,
about a 10% effect in our simulations. The structural differ-
ences between sheared and static polymer melts are there-
fore quite small. If one thinks of velocity slip as being due
to inefficient momentum transfer from the fluid to the sur-
face, one would expect dynamical effects to play a signifi-
cant role. This work suggests that interfacial heat transfer
is closely coupled to interfacial momentum transfer. Fur-
ther studies aimed at elucidating the precise nature of these
dynamical effects would be of considerable interest.
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